We derive by means of a canonical transformation the variational principle of Seliger and Whitham for the Eulerian description of ideal hydrodynamics from the more familiar variational principle that yields the equations of motion of an ideal fluid in the Lagrangian description.
Introduction
In fluid mechanics, two ways exist to specify the fields. The one most often used is the Eulerian description, in which the fields are considered as functions of the position in space, and time. The Lagrangian description, on the other hand, is based on the observation that many quantities specifying the fluid refer more fundamentally to small identifiable pieces of matter, the "fluid particles". In the Lagrangian description one therefore considers a~ll the fields as functions of the time and the label of the fluid particle, to which they pertain.
As the fluid equations for ideal flow in the Lagrangian specification reflect quite closely the equations of motion for ordinary point particles, it is not surprising that a variational principle for these equations is already known since and resembles the one for point-particles. In fact, the formulation of this variational principle is due to Lagrange himself. The formulation of a variational principle for the Eulerian way to specify the fields, however, has proceeded in steps and spanned a long period. Clebsch l) was the first to introduce in 1859 a variational principle for the case of incompressible flow. His analysis however applies to other cases of constrained flow as well, such as the case of compressible isentropic flow, which was investigated in detail by Bateman 2) in 1929. It was only in 1968 that Seliger and Whitham extended Clebsch's variational principle to the most general case of compressible, nonisentropic flow. The Lagrangian they introduce is of a somewhat unexpected form; yet the corresponding Hamiltonian is just the energy and is therefore the same as the one found in the variational principle for the 0378-4371 [81/0000-0000/$02.50 © North-Holland Publishing Company Lagrangian description, as one might expect. Hence the question forces itself upon us whether the variational principles for either of the two ways of specifying the fields are not in fact one and the same, so that they may be transformed into each other by means of a canonical transformation. It is the purpose of this paper to show that such a canonical transformation actually exists, and that it enables us to derive Seliger and Whitham's 3) variational principle from the more familiar variational principle of Lagrange. Our derivation will clarify the variational principle of Seliger and Whitham, in that the so called Clebsch representation and the new fields, introduced by Seliger and Whitham in order to arrive at a proper variational principle, will turn out to emerge in a natural way.
The plan of this paper is to treat the variational principle for the Lagrangian description first in section 2. We then discuss the canonical transformation that will yield the variational principle for the Eulerian description in section 3.
Variational principle for the Lagrangian description
In the Lagrangian description of ideal fluid mechanics, one brings out the fact that the fluid motion may be viewed as the motion of small identifiable fluid particles. Accordingly one considers the positions q of these fluid particles as a function of the time. If we label the fluid elements with their Cartesian coordinates m --(ml, m2, m3) at some initial time to (which we will take equal to zero), the positions q thus become functions of m and t. Other fields are given as functions of m and t as well.
Before we discuss the equations of motion of an ideal fluid in the Lagrange description, it is instructive to realize that the transition from the Lagrangian to the Eulerian description can be viewed as a time-dependent coordinatetransformation. For, in the Eulerian description, the fields are given as a function of a fixed position in space and of the time. A fixed position in space, however, can not only be given by the three Cartesian coordinates rl, r2 and r3 of the position vector r, but also by the label of the fluid particle which is at that moment at r. This is expressed by the relation r = q(m, t), (1) or, equivalently, m = t~(r, t),
where t~ is the inverse of the function q. Eqs. (1) and (2) show that for the specification of fixed positions in space, m may be viewed as a set of non-Cartesian, time-dependent coordinates.
For the discussion of the fluid equations in the Lagraugian description, we will. need the Jacobian
and JEj, the co-factor of 3q~]Om s in J. We also note the useful identity
and the fact the gradient operator may be written as
Let us consider a fluid element with mass p0(m) din1 dm~ din3, where p0(m) is the mass density at t--0. In the Lagrangian description, the equation of motion for such a fluid element is given by Newton's law as (6) i Omi
Here partial derivatives with respect to time are indicated by a dot. In order to get a closed description, the pressure p, which is a function of the mass-density p and the entropy per unit mass s, must be known. For ideal fluid motion, only the volume of a fluid element changes, whereas its mass and entropy remain the same. One thus has for the density
and for the entropy per unit mass
Eqs. (6), (7) and (8), together with the function p(p, s) form a closed set of equations.
The variational principle leading to eq. (6) is
This equation should hold for arbitrary variations 8q that vanish at t~ and t2
and at the boundary of the region of integration. In eq. (9), the internal energy per unit mass u is a function of p and s, with derivatives ~-s p where T is the temperature.
As p(m, t) depends on the derivatives aqJamj through eq. (7), the EulerLagrange equations corresponding to eq. (9) are
By using the explicit form of 3? and the thermodynamic relation (10) this equation becomes
a [po(m)p(m, t) po(m)Oi(m, t)-~ -~mi[ p2(m, t)
From eq. (7) we obtain
Op(m, t) po(m) OJ(m, t) O(Oq~/Omj) J2(m, t) 3(Oq~/am~)
po ( 
With the aid of the identity
• Omj which may easily be proved using eq. (4), eq. (15) finally reduces to
i c3mj
Comparison of eqs. (6) and (17) shows that the variational principle (9) is indeed consistent with the equations of motion for the ideal fluid in the Lagrangian description. The transition to a Hamilton-formalism can be accomplished in the standard way. In terms of the generalized co6rdinate*) q and generalized momen-* In order to contrast the field q(m, t) with the vectors r, which denote points in a Cartesian coordinate system, we call q(m,t) a generalized coordinate and r a position-vector with position-coordinates r,, r_~ and r3. 
the Hamiltonian H reads
The Hamilton equations read
The functional derivatives used here are defined in the standard way (see e.g. Goldstein4)). Using the explicit form of the Hamiltonian, these Hamilton equations become
ill(m, t) = pi(m, t) po(m) '
°P(m't) 1
These equations are equivalent to the Euler-Lagrange equations (13); as was already discussed, eqs. (13) are in turn equivalent to the equations of motion, eq. (6). We notice that the equation of motion for the fluid particles, eq. (6), resembles quite closely Newton's equation for point particles. Accordingly, the variational principle discussed above is completely analogous to the variational principle for point-particles. For we have seen that the Lagrangian just assumes its familiar form, namely "kinetic energy minus internal (potential) energy". Moreover, we remark that the Hamilton equations for q (eq. (21)) is the same as the equation defining the generalized momentum p; this one usually finds too. These analogies will be lost if we perform a transformation to the Eulerian description, as will be discussed in the next section.
Canonical transformation to Eulerian description
Instead of using the Lagrangian description, in which case one specifies fields with the label of the fluid particle to which they pertain, it is usually more convenient to employ the Eulerian specification of the fields. In the latter case, one considers the fields as functions of their position in space r and time. In the Eulerian description, the fluid flow is completely characterized by the five physical fields, the density p(r, t), the velocity v(r, t) and the entropy s(r, t).
We have already discussed at the beginning of section 2 that the transition from the Lagrangian to the Eulerian description and vice versa may be viewed as a time-dependent coordinate-transformation. This transformation, which is expressed by eqs. (1) and (2), enables us to relate the density and entropy in the two types of specifications as
p(r, t)It-O",')= p(m, t), or p(r, t) = p(m, t)Im-~r,,), (23) s(r, t)]r-q~m,,)= So(m), or s(r, t) = so(m)I,,-~r,,)" (24)
As the velocity at the position r at time t is just equal to the velocity of the fluid element which is at r at that particular moment, we also have
Oq(m, t) Oq(m, t)[,,=~r,t). (25) v(r, t)Ir=q~-,,~-at ' or v(r, t) = a------i----
We will now show that the variational principle discussed in the previous section can be transformed by means of a canonical transformation into a
variational principle for the fields p(r, t), v(r, t) and s(r, t).
In particular, we will look for a Hamiltonian formalism in which p, ps (-s~, the entropy per unit volume) and the function pO3 play the role of the new generalized momenta Pi(r, t).
To be specific, we will consider a generating functional
F([q(m, t)], [Q(r, t)])
, where Q(r, t) is the new generalized coordinate. The theory of canonical transformations for fields, which e.g. has been discussed in detail by Kobussen and BroerS'6) , proceeds along the same lines as the familiar theory of canonical transformations for point-particles (see e.g. Goldstein4)). For a generating functional of the above form, the generalized coordinates p(m, t) and P(r, t) are given in terms of q(m, t) and Q(r, t) by
whereas the Hamiltonian is invariant since the generating functional F does not depend explicitly on time.
The following form turns out to be appropriate
= -dr f dm t)+ po(m )so( m )Qz( r, t) + po(m)m3Q3(r, t)}6(r -q(m, t))]. (28) DESCRIPTION OF IDEAL HYDRODYNAMICS
We will first evaluate eq. (27). By making use of the identity
8(r -q(m, t)) = J-l(m, t)8(m -gl(r, t)),
we obtain with the aid of eqs. (7) and (23) 
Pl(r, t)= ~F _ po(m) I ~Qt(r, t) J(m, t) ls=~(r,t)
Similarly we get
P2(r, t) = p(r, t)s(r, t) = s~(r, t), P3(r, t) = p(r, t)t~3(r, t).
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= p(m, t)l,=~tr.t ) = p(r, t). 
v(r, t) = -VQI(r, t) -s(r, t)VQ2(r, t) -q3(r, t)VQ3(r, t).
This is the form of the so-called Clebsch representation* for the velocity field which was first used by Seliger and Whitham3).
If we write the Hamiltonian as a functional of the new fields with the aid of eqs. (30)-(33), the new Hamilton density turns out to be equal to the energy * Clebsch ~) introduced his way of representing the velocity field for the case that the term s~'Q2 may be omitted.
+ po(m)m3Q3(r, t)[,=qt,,, o] p(m, t) = ~Sqi(m, t) dm[oo(m)Ql(r, t)Ir=~m.t)+ po(m)so(ra)Q2(r, t)Ir=q(m,t)
Indeed the mass density and the entropy density are two of the new generalized momenta. We will comment on eq. (32) later.
Next we evaluate eq. (26). By first performing the r-integration in the expression (28), we obtain (31) (32) density in the Eulerian specification, f dr ~(Q(r, t), P(r, t)), H f dr [~p(r, t)v2(r, t)+ p(r, t)u(p(r, t), s(r, t) )].
The variational principle for the Eulerian description of ideal fluids that we derived thus consists of the Hamiltonian (35), together with the Clebsch representation (34) and the identifications (30)-(32). The corresponding Hamilton equations are (since from now on all functions depend on r and t, we will not write these arguments explicitly)
/53 V P3v.
In eq. (36) 
dt Ot
Eq. (43) expresses the fact that if we follow a fluid element, its entropy per unit mass remains constant. In view of the relation m3 = q3(r, t), we can similarly conclude that eq. (44) gives expression to the fact that the third label also remains constant in following a fluid particle*. For the equation of motion for the velocity-field we obtain with the aid of eqs. (34), (43) and (44) dv ~ ~ -dQ3
The fourth term in the right-hand side of eq. (46), which is due to the fact that the gradient operator and the operator d/dt do not commute, is equal to -1Vv2 (cf. eq. (34)). By substituting eqs. (36)- (38) into eq. (46), and using also the Gibbs-Duhem relation, we finally get
(47) P Hence the Hamilton equations (36)-(41) indeed yield the Euler equation for the velocity-field. We have thus shown that the canonical transformation we introduced yields a variational principle, from which the well-known equations for p(r, t), v(r, t) and s(r, t) follow. In addition, a sixth equation is found, which expresses the fact that the third label is conserved.
Let us retrace the origin of the fact that Q3 is also conserved (cf. eq. (38)), i.e. remains constant if we follow a fluid particle. In the Lagrangian description the internal energy depends on ml, m2 and m3 only via the two known functions p0(m) and so(m) (cf. eq. (9)). Consequently, there is then a gaugefreedom, namely a freedom to choose, say, the third label m3. This gaugefreedom is still present in the Eulerian description, in that u does not depend on 43. This in turn implies that Q3 is conserved, and we therefore conclude that the fact that Q3 is conserved is related to the gauge-freedom.
From the Hamiltonian density (35), the Lagrangian of Seliger and Whitham 3) may be obtained. The Lagrangian density and Hamiltonian density are related by
If we use the identifications (30)-(32) to write the Lagrangian density in this * We remark that a canonical transformation, for which the three functions ~ become the new generalized coordinates, was discussed by Kobussen and BroerS"7) . Although in their case the three equations expressing conservation of label are found, no equations for p and s are then obtained. It was originally suggested by LinS), that equations, expressing label conservation, should be added to the hydrodynamic equations for p, v and s, in order to be able to arrive at a proper variational principle. Later, Seliger and Whitham 3) argued that a variational principle can be formulated for the hydrodynamic equations in the Eulerian description if they are supplemented with an equation that expresses the conservation of only one of the labels. Accordingly, they introduced the field 03 and arrived at the Lagrangian density (49). In view of the fact that our derivation fully supports the interpretation of 03 as suggested by Lin, we may conclude that Lin has essentially made the right point.
We finally remark that Poisson-brackets for the hydrodynamic fields may be introduced with the aid of the generalized coordinates and momenta given in this section. This is discussed in a recent paper by the author and Bedeaux and Mazurg).
